On the energy of a null cone by Tafel, Jacek
ar
X
iv
:1
40
5.
61
02
v3
  [
gr
-q
c] 
 3 
Fe
b 2
01
5
On the energy of a null cone
- J. Tafel
Institute of Theoretical Physics, University of Warsaw,
Hoz˙a 69, 00-681 Warsaw, Poland, email: tafel@fuw.edu.pl
Abstract
We derive a formula for the Bondi mass aspect in terms of asymptotic
data of the Bondi-Sachs metric in the affine gauge. We prove the positivity
of the total energy of a regular null cone in agreement with a recent result of
Chrus´ciel and Paetz.
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1 Introduction
Schoen and Yau [1, 2] proved that the ADM energy in general relativity is posi-
tive under reasonable assumptions about the energy-momentum tensor and metric
tensor. The proof was simplified by Witten [3] and his work was amended by
Nester [4]. Using Witten’s method a similar result was obtained for the Trautman-
Bondi energy E of a null surface [5–8]. Recently Chrus´ciel and Paetz [9] pre-
sented a proof of the positivity of the Trautman-Bondi energy of a regular null
cone in an asymptotically flat spacetime. This property was suggested earlier by
the present author and Korbicz in a framework of the Hamiltonian formalism on
a cone [10]. However, paper [10] contains a condition which is too restrictive if
the cone is to be regular at its vertex. Here an amended version of our approach
in [10] is presented. In many respects it coincides with that in [9], but some proofs
and formulas are simpler.
We consider metric in the Bondi coordinates adapted to a foliation of space-
time by null cones, but instead of the luminosity distance we use the affine pa-
rameter along null generators of these cones. In section 2 we derive a formula for
the Bondi mass aspect in terms of asymptotic data of the metric. In section 3 we
express the total energy of a regular cone as an integral of quantities which are
either non-negative or become such if the energy dominant condition is satisfied.
1
2 The Bondi mass aspect in the affine gauge
In the Bondi-Sachs approach to gravitational radiation [11,12] spacetime is asymp-
totically flat in future null directions and it can be foliated by null surfaces u =
const having the structure of the Minkowskian light cone, at least in the asymp-
totic region. In adapted coordinates xµ = u, r, xA, where µ = 0, 1, 2, 3 and
A = 2, 3, metric takes the form
g = du(g00du+ 2g01dr + 2ωAdx
A) + gABdx
AdxB . (1)
Coordinates u and r are interpreted, respectively, as a retarded time and a distance
from a center and xA are coordinates on the 2-dimensional sphere S2. We assume
that g has the signature + − −−, so metric gAB is negative definite. Note that g
corresponds to g˜ in [10].
Within this approach the following expansions are assumed for large values of
coordinate r
g00 = 1− 2Mr
−1 +O(r−2) , (2)
g01 = 1 +O(r
−2) , (3)
ωA = ψA + κAr
−1 +O(r−2) , (4)
gAB = −sABr
2 + nABr +mAB +O(r
−1) . (5)
Here sAB is the standard metric of S2 and all coefficients are functions of u and
xA. A lack of a term proportional to r−1 in (3) follows from minimal assumptions
about the Ricci tensor which assure that the total energy-momentum vector is well
defined [13].
Coordinate r is not yet fully defined. In the original Bondi coordinates it is the
luminosity distance r′ which satisfies
r′ = (
σ
σs
)
1
2 , (6)
where σ2 = det gAB and σ2s = det sAB . Let quantities related to the Bondi coor-
dinates be denoted by prime. Function M ′ is called the Bondi mass aspect and the
total energy of the cone is given by
E(u) =
1
4pi
∫
S2
M ′σsd
2x . (7)
In these coordinates sABn′AB = 0 and n′AB,u is equivalent to the Bondi news
function (this is why we use letter n in the symbol nAB).
Unfortunately, the luminosity distance is not convenient for proving E ≥ 0. It
is better to assume that
g01 = 1 . (8)
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In this case r is the affine parameter along null geodesics tangent to u,α∂α. A
transformation between the luminosity distance r′ and the affine distance r is de-
fined up to a function a′(u, xA)
r = r′ +
∫ ∞
r′
(1− g01)dr
′′ + a′(u, xA) . (9)
If a′ 6= 0 then instead of (2) one obtains
g00 = a− 2Mr
−1 +O(r−2) , (10)
where a is a function of u and xA. A relation between M and the Bondi mass
aspect M ′ is described by the following proposition in which ∂u is denoted by a
dot.
Theorem 2.1. Metric
g = du(g00du+ 2dr + 2ωAdx
A) + gABdx
AdxB (11)
is equivalent to the Bondi-Sachs metric with the luminosity distance if it satisfies
conditions (4), (5) and
g00 = 1 +
1
2
n˙AA −
2M
r
+O(r−2) . (12)
The Bondi mass aspect is given by
M ′ =M +
1
4
m˙AA −
1
4
nABn˙
AB +
1
16
nAAn˙
B
B . (13)
If the Einstein equation R11 = T11 is satisfied then
mAA =
1
4
nABn
AB − lim
r→∞
r4T11 . (14)
Proof. Given metric (11) function g′00 and the Bondi mass aspect M ′ can be de-
termined from the equality
g′00du+ 2g
′
01dr
′ + 2ω′Adx
A = g00du+ 2dr + 2ωAdx
A , (15)
where primes correspond to the luminosity gauge. It follows from (15) that
g′01 =
1
r′,r
, g′00 = g00 − 2
r′,u
r′,r
. (16)
In virtue of (6) equation (16) yields
g′00 = g00 − 2
σ,u
σ,r
. (17)
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From (5) and (6) one obtains
σ ≈ σsr
2
(
1 +
1
2r
nAA) , r
′ ≈ r +
1
4
nAA (18)
for large values of r. One consequence of (17), (18) and condition (2) for g′00 is
equation (12). Another one is that the Bondi mass aspect is given by
M ′ =
1
2
lim
r→∞
r′(1− g00 + 2
σ,u
σ,r
) (19)
or, equivalently, by
M ′ =
1
4σs
lim
r→∞
(σ,r(1− g00) + 2σ,u) =
1
4σs
lim
r→∞
f +
1
8
nAA , (20)
where
f = 2σsr − g00σ,r + 2σ,u . (21)
Expression (20) will be useful in a proof of E ≥ 0 in the next section. In order
to obtain (13) we calculate one more term in expansions (18)
σ ≈ σs(r
2 +
1
2
rnAA +
1
2
m˜AA +
1
16
(nAA)
2), r′ ≈ r +
1
4
nAA +
1
4r
m˜AA , (22)
where
m˜AA = m
A
A −
1
2
nABn
AB +
1
8
(nAA)
2 . (23)
It follows from (20)-(23) that
M ′ =M +
1
4
˙˜mAA , (24)
hence (13) is obtained. One can further transform this expression if the Einstein
equation R11 = T11 (see (28)) is satisfied. Expanding both sides of this equation
into powers of r−1 yields (14) as the first nontrivial equality.
Remark 1. In order to eliminate mAA from (13) one can use (14) or the equality
m˙AA =
1
2
nABn˙
AB + lim
r→∞
r3(2T01 − T ) (25)
which follows from the Einstein equation R01 = T01 − T/2.
Formulas given in this section agree with those in [10] if T µν = 0 and nAA = 0.
The latter condition can be obtained by a shift of the affine distance. However,
assumption nAA = 0 is too restrictive (as pointed out by P. Chrus´ciel) if a regular
foliation of the complete cone u = const by surfaces r = const is considered in
order to prove E ≥ 0.
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3 The total energy of a light cone
Let us assume that metric satisfies conditions (1)-(5) and u = const is a complete
future cone with a vertex at r = 0. For our purposes the following regularity
conditions at the vertex are important
lim
r→0
r−2σ 6= 0 , σ,u = σ,r = 0 , |g00 − ωAω
A| <∞ at r = 0 . (26)
These conditions are preserved if we pass to the luminosity distance r′ or to the
affine distance provided that the latter vanishes at the vertex.
We are going to prove the following proposition which, to big extent, overlaps
with equation (31) in [9] and its consequence saying that E ≥ 0 (mTB ≥ 0 in
the notation of [9]) if the dominant energy condition is satisfied. The proof of this
proposition is based on equations and method presented by the author and Korbicz
in [10].
Proposition 3.1. Let metric (11) satisfies conditions (4), (5), (12), (26) and the
Einstein equations R11 = T11 and gABRAB = gABTAB − T . Then
16piE = −
∫ ∞
0
dr
∫
S2
(
1
4
r2σsgˆAB,rgˆ
AB
,r +
1
2
σgABω
A
,rω
B
,r)d
2x (27)
+
∫ ∞
0
dr
∫
S2
(r2σsT11 + σ(T − g
ABTAB))d
2x ,
where gˆAB = r−2gAB. If the dominant energy condition is satisfied then E ≥ 0.
Proof. The Einstein equations mentioned above have the following form
1
4
gAB,rg
AB
,r − (lnσ),rr = T11 , (28)
R(2) + σ−1(2σωA|A − g
rrσ,r−2σ,u ),r−(ω
A
,r)|A −
1
2
gABω
A
,rω
B
,r = g
ABTAB − T.
(29)
Here |A is the covariant derivative with respect to gAB, R(2) is the Ricci scalar of
this metric, T µν is the energy-momentum tensor and T = T µµ. Equations (28) and
(29) reduce to equations (29) and (32) in [10] if T µν = 0.
Let us integrate equation (29) over a part of the cone u = const between
r1 and r2 with the measure σdx2dx3dr. Integrals of divergences of ωA and ωA,r
vanish. The Gauss-Bonet theorem for the negative definite metric gAB yields
∫
S2
R(2)σd2x = −8pi (30)
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and it allows to replace R(2)σ by −2(σsr),r. Hence,
∫
S2
(f˜(r2)− f˜(r1))d
2x =
∫ r2
r1
dr
∫
S2
Pσd2x , (31)
where
f˜ = 2σsr + g
11σ,r +2σ,u (32)
and
P = T − gABTAB −
1
2
gABω
A
,rω
B
,r (33)
(definition (32) coincides with (50) in [10]). Function f˜ vanishes at r = 0 in virtue
of conditions (26). Since g11 = ωAωA − g00, f˜ can be approximated by function
(21) for large values of r. In virtue of (20) equation (31) in the limit r1 → 0 and
r2 →∞ yields the following expression for the total energy
16piE =
1
2
∫
S2
nAAσsd
2x+
∫ ∞
0
dr
∫
S2
Pσd2x . (34)
Equation (34) agrees with (48) in [10] if nAA = Tµν = 0.
In order to find sufficient conditions which assure that the first term on the rhs
of (34) is non-negative let us write equation (28) in the following way
1
4
r2gˆAB,rgˆ
AB
,r − (r
2(ln σˆ),r),r = r
2T11 , (35)
where gAB = r2gˆAB and σ = r2σˆ. From (18) and (26) one obtains
lim
r→∞
r2(ln σˆ),r = −
1
2
nAA , lim
r→0
r2(ln σˆ),r = 0 . (36)
Hence, integrating (35) over r between 0 and∞ yields
nAA = 2
∫ ∞
0
r2(T11 −
1
4
gˆAB,rgˆ
AB
,r )dr . (37)
Substituting (33) and (37) into (34) yields (27). Since
gˆAB,rgˆ
AB
,r = −gˆAB,rgˆ
AC gˆBDgˆCD,r ≤ 0 (38)
condition T11 ≥ 0 is sufficient to obtain nAA ≥ 0.
Let us consider the integral of P on the rhs of (34). Since gABωA,rωB,r ≤ 0, in
order to obtain P ≥ 0 it is sufficient to assure positivity of the expression
T − gABTAB = 2T10 + g
11T11 − 2ω
AT1A = T
0
βv
β = g(∂r, T
α
βv
β∂α) , (39)
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where
v = 2∂u + (ω
BωB − g00)∂r − 2ω
A∂A , vαv
α = −4ωAω
A ≥ 0 . (40)
Let ωAωA 6= 0. Then v is timelike and future directed since ∂r is null future
directed and g(v, ∂r) > 0. If T αβ satisfies the dominant energy condition then
vector v′ = T αβv
β∂α is non-spacelike and g(v′, v) ≥ 0. Hence, v′ is also future
directed and T 0βvβ = g(v′, ∂r) ≥ 0. If ωAωA = 0 then the same result follows
from the continuity. Thus, T − gABTAB ≥ 0 and P ≥ 0.
If the energy dominant condition is satisfied then also T11 ≥ 0 since T11 =
Tαβk
αkβ, where k = ∂r. Hence, nAA ≥ 0 and the total energy E is non-negative.
4 Concluding remarks
Results of Korbicz and Tafel [10] on energy of a null surface in the Bondi-Sachs
formalism have been completed. We presented an expression for the Bondi mass
aspect in terms of asymptotical data corresponding to metric in the affine gauge
(proposition 2.1). Using only two of the Einstein equations we confirmed a result
of Chrus´ciel and Paetz [9] on the positivity of the Trautman-Bondi energy of a
regular null cone (proposition 3.1). Our proof is shorter and expression (27) for
the total energy is simpler than that in [9].
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References
[1] Schoen R and Yau S-T 1979 On the proof of the positive mass conjecture in
general relativity Commun. Math. Phys. 65 45-76
[2] Schoen R and Yau S-T 1981 Proof of the Positive Mass Theorem II Commun.
Math. Phys. 79 231-260
[3] Witten E 1981 A simple proof of the positive energy theorem Commun.
Math. Phys. 80 381-402
[4] Nester J M 1981 A new gravitational energy expression with a simple posi-
tivity proof Phys. Lett. 83A 241-242
[5] Israel W and Nester J M 1981 Positivity of the Bondi gravitational mass
Phys. Lett. 85A 259-260
7
[6] Ludvigsen M and Vickers J A G 1981 The positivity of the Bondi mass J.
Phys. A: Math.Gen. 14 L389-391
[7] Schoen R and Yau S-T 1982 Proof That the Bondi Mass is Positive Phys.
Rev. Lett. 48 369-371
[8] Horowitz G T and Perry M J 1982 Gravitational Energy Cannot Become
Negative Phys. Rev. Lett. 48 371-374
[9] Chrus´ciel P T and Paetz T-T 2014 The mass of light-cones Class. Quantum
Grav. 31 102001
[10] Korbicz J and Tafel J 2004 Lagrangian and Hamiltonian for the Bondi-Sachs
metrics Class. Quantum Grav. 21 3301-3308
[11] Bondi H, van der Burg M G J and Metzner A W K 1962 Gravitational waves
in general relativity VII: Waves from axi-symmetric isolated sources Proc.
R. Soc. Lond. A269 21-52
[12] Sachs R K 1962 Gravitational waves in general relativity VIII. Waves in
asymptotically flat space-time Proc. R. Soc. Lond. A270 103-126
[13] Tafel J 2000 Bondi mass in terms of the Penrose conformal factor Class.
Quantum Grav. 17 4397-4408
8
